


4.5 The Mean Value Theorem for 

Integrals and the Use of Symmetry

Lecturer: Xue Deng



Definition of Average Value of a Function

If 𝑓 is integrable on the interval  𝑎,  𝑏 , then the 

average value of 𝑓 on  𝑎,  𝑏 is

1

𝑏 − 𝑎
 
𝑎

𝑏

𝑓 𝑥 𝑑𝑥



Example 1

Find the average value of the function defined by 𝑓 𝑥 = 𝑥 sin 𝑥2

on the interval  0,  𝜋 . (See Figure 1 in the textbook.)

The average value is
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To evaluate this integral, we make the substitution 𝑢 = 𝑥2, so that 𝑑𝑢 = 2𝑥𝑑𝑥.

When 𝑥 = 0, 𝑢 = 0 and when 𝑥 = 𝜋, 𝑢 = 𝜋. Thus, 
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Theorem A: Mean Value Theorem of Integrals

If 𝑓 is continuous on  𝑎,  𝑏 , then there is a number 𝑐 between 𝑎 and 𝑏
such that 

𝑓 𝑐 =
1

𝑏 − 𝑎
 
𝑎

𝑏

𝑓 𝑡 𝑑𝑡

Proof: For  𝑎 ≤ 𝑥 ≤ 𝑏 define 𝐺 𝑥 =  𝑎
𝑥
𝑓 𝑡 𝑑𝑡.

By the Mean Value Theorem for Derivatives (applied to 𝐺) there is a 𝑐 in the 

interval  𝑎,  𝑏 such that 𝐺′ 𝑐 =
𝐺 𝑏 −𝐺 𝑎

𝑏−𝑎

Since 𝐺 𝑎 =  𝑎
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𝑏
𝑓 𝑡 𝑑𝑡, and 𝐺′ 𝑐 = 𝑓 𝑐 , this leads 

to 𝐺′ 𝑐 = 𝑓 𝑐 =
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Example 2
Some examples of definite integrals for odd, 

even functions and periodic functions

Prove that if  ( ) is integrable on the interval [ , ], thenf x a a
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Example 3
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Theorem B  

(1) ( ) is an even function, thenf x  
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Symmetry Theorem

If 𝑓 𝑥 is continuous on the interval  −𝑎,  𝑎 , and 



Some Examples  
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Example 4

The definite integral formula of trigonometric functions
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If 𝑓 𝑥 is continuous on the interval  0,  1 , prove that 



Example 4
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Example 4
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Theorem C  

If 𝑓 is periodic with period 𝑝, then  𝑎+𝑝

𝑏+𝑝
𝑓 𝑥 𝑑𝑥 =  𝑎

𝑏
𝑓 𝑥 𝑑𝑥

Proof: The geometric interpretation can be seen in the textbook.

To prove the result, let 𝑢 = 𝑥 − 𝑝 so that 𝑥 = 𝑢 + 𝑝 and 𝑑𝑢 = 𝑑𝑥. Then
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We could replace 𝑓 𝑢 + 𝑝 by 𝑓 𝑢 because 𝑓 is periodic.



Example 5
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Example 6
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